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Abstract
This thesis deals with composite materials made of elastomer matrix and steel reinforce-
ment fibres with various declinations. It presents computational simulations of their me-
chanical tests in uniaxial tension and three-point bending realized using finite element (FE)
method, and their experimental verification. The simulations were carried out using two
different FE models - bimaterial and unimaterial. The bimaterial model reflects structure
of the composite in detail, i.e. it works with the matrix and individual fibres. When the
bimaterial model is used, then it is necessary to create each fibre of the composite in the
model and it makes numbers of disadvantages (creation of the model is laborious, higher
number of elements are needed for discretization of an individual fibre, computational time
is higher). On the other side, the unimaterial model does not distinguish the individual
fibres, but it works with a model of the whole composite as a homogeneous material and
the reinforcing effect of the fibres is included in the strain energy density function.
Comparison between experiments and simulations shows that the bimaterial model is in
good agreement with the experiments unlike the unimaterial one being able to provide
adequate results in the case of tension load only. Hence, a new way was sought of how
to extend the unimaterial model by the bending stiffness of fibres. In 2007 Spencer and
Soldatos published a new extended unimaterial model that is able to work with both ten-
sion and bending stiffnesses of fibres. However, their model is based on Cosserat continuum
theory, it is very complicated and not suitable for practical application. Hence, a new sim-
plified model was created in the thesis (partially according to the Spencer and Soldatos)
with own strain energy density function proposed.
In order to verify the new unimaterial model with bending stiffness, all the needed equa-
tions were derived and a new own finite element solver was written. This solver is based
on Cosserat continuum theory and contains the mentioned anisotropic hyperelastic uni-
material model with bending stiffness. It was necessary to use the so called C1 elements,
since the Cosserat theory works with second derivatives of displacements. The C1 elements
ensure continuity of both displacements field and their first derivatives. Finally, new simu-
lations were performed using the created FE solver and they show that the bending stiffness
of fibres can be driven by the appropriate material parameter.
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1 Formulations of problems and goals
Computational simulations performed by bimaterial computational model have several dis-
adventages. Due to a three-dimensional model of fibres diverted by any angle, the regular
mesh with low number of elements can not be used. Hence, a very fine mesh has to be
used with very high numbers of elements which leads to high computational times. The in-
crease of computational time is on orders of magnitude compared to the unimaterial model.
Hence, the bimaterial model should be replaced by the unimaterial one where fibres are in-
cluded mathematically in the constitutive model and the three-dimensional model of them
is not required. Material models based on directions of fibres were implemented into the
FEA systems recently and the range of their use has not yet been studied properly. The
main goal of this work is to compare both of the mentioned computational models and to
find out if the very time consuming bimaterial computational model can be replaced by a
unimaterial model.
Main goals are:
• to perform computational simulations of uniaxial tension and bending tests with the
bimaterial computational model
• to perform computational simulations of uniaxial tension and bending tests with the
unimaterial computational model
• to compare the simulations
• to perform experiments of uniaxial tension and bending tests of composite material
• to compare simulations and experiments
• to explain differences between simulations and experiments (if any)
• to explain differences between unimaterial and bimaterial models (if any)
• to modify the unimaterial computational model in order to obtain the same results
as with the bimaterial model
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2 Tension and bending tests of composite material
2.1 Experiments
2.1.1 Uniaxial tension tests
The first of the realized experiments were uniaxial tensile tests (fig.1a)). Dimensions of
specimens were 125x25x2.9 mm, diameter of the fibre was 0.45mm and fibres were diverted
from the longitudinal axis of the specimen by various angles: 0◦, 15◦, 45◦, 60◦ a 90◦. Before
measuring, each specimen was pre-cycled in order to eliminate so called Mullins effect [25]
– each specimen was loaded by a total elongation of the specimen 5 mm, then unloaded
and loaded again to the same value of elongation. Each specimen was pre-cycled by four
such cycles, since the fifth cycle showed no substantial change compared to the previous
one.
The measured data was recalculated into the dependency between engineering stress and
engineering strain and can be found in [23] (or in the appendix A.1).
Figure 1: a) Uniaxial tension test, b) Bending test.
2.1.2 Bending tests
Bending tests followed after the uniaxial tests and the specimens used in the bending tests
were exactly the same pre-cycled specimens which had been used in the uniaxial tests.
Each specimen was put on two supports and its loading was realized in the middle part
of the specimen (fig.1b)). Supports and load were realized throughout the entire width of
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the specimen. Dependency between force and deflection of the specimen was obtained as
an output of this test. The results can be found in [23] (or in the appendix A.1).
2.2 Simulations
Simulations of the above experiments were realized using two different types of models, i.e.
bimaterial and unimaterial computational models.
2.2.1 Bimaterial FE model
This computational model contains two different materials (therefore bimaterial) – one for
fibres and one for the matrix. Hence, geometric model of matrix (block with dimensions
125x25x2.9 mm) was created and then each fibre (cylinder with the diameter of 0.45mm)
was created inside the matrix (fig.2a)).
In case of simulations of uniaxial tension tests, 2-parametric Mooney-Rivlin incompressible
hyperelastic model of material was used for matrix, which is introduced by a strain energy
density function W in the form
W = c1(I1 − 3) + c2(I2 − 3) (1)
where c1, c2 are material parameters and I1, I2 are invariants of right Cauchy-Green tensor
of deformation. In case of simulations of bending tests, the material properties of the matrix
were defined by incompressible Yeoh third order model of material with the following form
of the strain energy density function
W = d1(I1 − 3) + d2(I1 − 3)2 + d3(I1 − 3)3, (2)
where d1, d2, d3 are stress-like material parameters.
2.2.2 Unimaterial FE model
In the unimaterial computational model material behaviour of the composite material was
described by only one model of material (therefore unimaterial model), which describes
behaviour both of matrix and fibres. Hence, only a 3D geometric model of the composite
specimen was created (a block 125x25x2.9mm) without distinguishing between the matrix
and fibres and without any geometric model of the fibres. The 3D geometric model of the
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Figure 2: a) Bimaterial computational model, b) Unimaterial computational model.
composite specimen was divided into three layers as it is depicted in fig.2b). Two outer
layers (in purple color) correspond to pure elastomer matrix and the middle layer (the blue
one) corresponds to both fibres and matrix. Thickness of the middle layer equals to the
diameter of the fibres and as it was mentioned above, the 3D model of the fibres is not
considered in this type of computational model. In case of simulations of uniaxial tension
tests the material description of the middle layer (i.e. matrix+fibres) was realized by the
following anisotropic hyperelastic model
W = c1(I1 − 3) + c2(I2 − 3) + k2(I4 − 1)2 (3)
and in case of bending tests the following model was used
W = d1(I1 − 3) + d2(I1 − 3)2 + d3(I1 − 3)3 + k2(I4 − 1)2. (4)
The material description of the outer layers (only matrix) was realized by the same
anisotropic models, i.e. eq. (3) in case of tension tests and eq. (4) in case of bending
tests, but the material parameter k2 that corresponds to the fibres only (as it will be de-
scribed below) was set to zero.
Material parameters c1, c2 or d1, d2, d3 are exactly the same ones as the parameters men-
tioned in the previous chapter. By comparing strain energy density function (3) with (1),
or (4) with (2), we can see that both of these functions differ only in the term
k2(I4 − 1)2. (5)
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This term relates to the fibres only, while the other terms relate to the matrix only. In-
variant I4 is square the of stretch ratio of the fibres in their direction and is defined as
I4 = A.CA (6)
where A is unit vector of the fibres direction and C is right Cauchy-Green tensor of
deformation.
2.3 Discussion of results
Uniaxial tension tests
First, let’s compare the results obtained by both computational simulations, i.e. by bi-
material and unimaterial computational models. All results are depicted in appendix A.1,
where the bimaterial model is always rendered by a red curve, the unimaterial one by a
green curve. As we can see from the figures related to the individual declination of the
fibres (fig. 7 to fig. 11 ), both models give almost the same results. Remind that both
computational models have the same models of material related to the matrix (including
material constants) and differ only in the material models related to the fibres. However,
the material constant k2 was determined so that the stress in the fibres of the unimaterial
model was the same as the stress in the fibres of the bimaterial model. Therefore, both
models should give the same results by principle.
In tension test with longitudinal fibres (under 0◦ - fig. 7), the unimaterial model appears
slightly stiffer than the bimaterial one. Here the stiffness of longitudinal fibres constraints
any elongation of the specimen so that most deformation occurs between the jaws and the
fibres as shear of the rubber layer. While the thickness of this rubber layer is constant
in the unimaterial model, in the bimaterial one the same thickness occurs in the axes of
fibres only and the rubber layer is thicker anywhere else, which makes the specimen more
compliant.
Both model curves in fig. 11 should be identical in an ideal case. However the unimaterial
model appears some 10% more compliant than the bimaterial one. This difference can be
explained by the absence of steel in the unimaterial model where the fibres are replaced
by an additional member in the strain energy density function. The percentage of steel in
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the material does not correspond to the percentual decrease of stiffness of the unimaterial
model because of two features of the bimaterial model:
• all the cross sections of the specimen contain some amount of rubber so that stiffness
of no cross section corresponds to the very high stiffness of steel, and the specimen
is more compliant,
• rubber in a vicinity of steel undergoes a nearly uniform triaxial stress state in tension
which emphasizes the volumetric component of strain and makes the material less
compliant.
It’s obvious from figures 7 to 11 that difference between the results of simulations using
both computational models is maximally 10% (fibres under 90◦, fig. 11). Hence, we can
say that both models under tension load give nearly the same results, therefore the bi-
material model can be replaced (with advantages) by the unimaterial one. Comparing the
results of simulations and experiments we can see that the agreement between the results
is good in case of declination of the fibres being 0◦ (fig. 7) (simulations are at the upper
bound of the confidential interval), but in the other cases simulations and experiments
disagree (fig. 8 to fig. 11). Determining of material parameters related to the matrix
(parameters c1, c2, d1, d2 and d3) was carried out on the basis of the material tests of the
pure matrix. As it was mentioned in the previous paragraph, each specimen of the pure
matrix was pre-cycled by 100% of strain, then unloaded and loaded again to the same
strain value. The pre-cycling was repeated four times until the stress-strain curve showed
no substantial change. Composite specimens used in the uniaxial tension tests were also
pre-cycled, but by a different strain amplitude. Each composite specimen, regardless of
the fibres declination, was loaded by 5 mm displacement. Due to the various declinations
of the fibres, various values of the strain were generated in the specimens and basically
each specimen (with various declination of the fibre) was pre-cycled by a different strain
amplitude. Moreover, the stresses and strains are not homogenous in the specimens, but
they vary throughout the specimen. Hence, it is impossible to carry out such composite
experiments where the specimen would be loaded by the same strain amplitude along its
whole length.
Consequently, a new group of experiments were caried out in order to check out if Mullins
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effect can really cause the above differences between simulations and experiments. For
this purpose, another elastomer matrix was chosen showing negligible Mullins effect. It is
evident from the results presented in [11] that simulations are in good agreement with the
tests for all fibre declinations. Hence, the hypothesis was confirmed that Mullins effect is
responsible for the differences between simulations and experiments.
Bending tests
The bending test experiments contain the same problem as in case of tension tests, i.e.
simulations and experiments can not be compared due to various strain amplitude in the
pre-cycling of specimens. As we can see from the results in appendix A.1 related to the
bending tests, results of simulations disagree with experiments except the case with zero
declination of the fibres. I think that this discrepancy is caused again by different amplitude
in the pre-cycling in the all specimens, even in the specimen with zero declination of the
fibres. However, the agreement between simulations and experiments is good in such case
of declination, because zero declination means that fibres are substantial part of composite
material which carries most of the load (in other words contribution of the matrix is
insignificant). Therefore Mullins effect does not influence the results. For illustration,
figure 17 represents the influence of cycling, where specimens 1 and 2 were cycled to 5 mm
of the total elongation of the specimen, while specimen 3 was cycled up to 10 mm of total
elongation. The difference in the results is obvious.
In bending test with longitudinal fibres (under 0◦ - fig. 12), the unimaterial model appears
slightly stiffer than the bimaterial one. It might be explained by different distribution of
steel throughout the height of the specimen. The structure of the unimaterial model is
sandwich-like, i.e. fictive fibres are assumed to be uniformly distributed in the middle layer
with thickness of 0.45 mm, and their tension stiffness does not depend on the distance from
the neutral axis of bending. In contrast, the fibres in the bimaterial model are cylindrical
(with the same diameter of 0.45 mm) so that the amount of steel is decreasing with distance
from the neutral axis, which makes the model more compliant.
When comparing the results of simulations with experiments we can see that both models
disagree except for the declination of 90◦ (fig. 16). At first glance, it might seem that both
models give the same results in case of declination 0◦ and 15◦ (fig. 12 and fig. 13), but
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it is not the case. In this case both models give the same results till some magnitude of
deflection, but above a certain limit the unimaterial model begins with unstable behaviour,
i.e. the force is almost constant for any deflection and the simulation fails.
It was found out upon closer examination of the material model (3) or (4) that this model is
based on assumption of infinitely thin fibres, i.e. fibres have zero bending stiffness. When
we go back to the results of simulations we can see that in case of declinations 0◦ and 15◦
(obr. 12 and obr. 13) after certain limit an instability occurred. We can see very well in
case of declinations 45◦ and 60◦ (fig. 14 and fig. 15) that the unimaterial model (i.e. model
without bending stiffness of the fibres) gives significantly softer results than the bimaterial
model (i.e. model with bending stiffness of the fibres). In case of declination of 90◦ (fig.
16), the agreement between both models is very good, since fibres do not contribute to the
composite stiffness significantly (it is basically bending of the elastomer matrix), therefore
both models (with the same material models and material parameters) must give the same
results. New experiments with negligible stiffness of the textile fibres were carried out in
order to check out if the unimaterial model is able to provide results that correspond to
experiments. It was verified in [11] that the anisotropic hyperelastic constitutive model
(in a polynomial form) is able to simulate results of tension and bending tests of fibre
composites showing large strains credibly under the following conditions:
• elastomer matrix shows negligible Mullins effect
• bending stiffness of fibres is negligible.
Next, the sensitivity analysis in [22] shows that bending stiffness provided by the unima-
terial model is limited. This model gives the same results as the bimaterial one only when
Young’s modulus of the fibres is up to 100 MPa. A further increase of Young’s modulus
results in disagreement between both models, and from a certain limit a further increasing
of Young’s modulus (10 000MPa) does not make sence. Based on these results it is obvious
that the unimaterial model is not able to include bending stiffness of fibres.
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3 Cosserat theory of continuum
Classical continuum mechanics is based on the fundamental idea that all material bodies
possess continuous mass densities, and that the laws of motion and the axioms of consti-
tution are valid for every part of the body no matter how small they may be. A loss of
accuracy requiring a more general description may occur in classical continuum mechanics
if the response of a body to an external physical effect is sought, in which the length scale
is comparable to the average grain or molecular size contained in the body, because the
granular or molecular constituents of the body are excited individually. In this case, the
intrinsic motions of the constituents (microelements) must be taken into account. This
situation prevails in practical applications when the material under consideration is a com-
posite material containing macromolecules, fibres, and grains [10]. The existence and basis
of couple stress in elasticity was postulated by Voigt [35] in 1887 in connection with polar
molecules. He took an assumption into account that the interaction between two parts of
the body through an area element is transmitted not only by a force vector, but also by a
moment vector. Such assumption consists in the fact that not only force stresses, but also
couple stresses must be taken into account. The complete theory was developed in 1909 by
brothers E. and F. Cosserat [5]. In their theory, being nonlinear from the very beginning
, the deformation of the body is described by a displacement vector and an independent
rotation vector, therefore each material element has six degrees of freedom. The Cosserat
brothers formulated balance equations for force stress and couple stress, but they didn’t
formulate constitutive equations.
Next works dealing with Cosserat theory were concentrated on the simplified Cosserat
theory (known as indeterminate couple stress theory or Cosserat pseudo continuum). In
this theory, the rotation vector is not an independent vector, although force and couple
stresses are still taken into account. The most important works are those by Truesdell
and Toupin [34], Mindlin and Tiersten [24], Toupin [33], Eringen [6], and Eringen and
Suhubi [7]. Basics of thermo-elasticity in terms of Cosserat continuum were formulated by
Nowacki in 1968 [26].
This chapter was taken mainly from [10] and [26].
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3.1 Constrained Cosserat theory
We now consider a special class of materials in which the state of microdeformation can be
described by a local rigid motion of the microelements. Materials consisting of rigid fibres
or elongated grains fall into this category. Mathematically, this specialization in the linear
theory is obtained by setting
ΦKL = −ΦLK , (7)
where ΦKL is microdisplacement tensor. Next, according chapter IV. from [10], it is
apparent that vector Φ
ΦK =
1
2
KLMΦML, ΦKL = −KLMΦM , (8)
represents an angular rotation of a microelement about the center of mass of the deformed
macrovolume element, i.e. vectors Φ ' φ represent microrotation.
Constraint Cosserat theory means that microrotations φk are the same as macro-
rotations ϕk, i.e.
φk = ϕk =
1
2
klm
∂um
∂xl
. (9)
3.2 Force stress and couple stress
This chapter introduces force and moment (couple) stresses according to [26].
Let us imagine a volume element ∆V separated from the body and bounded by surface ∆S;
the interactions between the particles inside and outside the separated volume sre acting
across the surface ∆S. The transmission of the interactions across the arbitrary element dS
located on the surface ∆S is expressed by the force tdS and the moment ldS. Consider the
point x of an elastic body. To determine the stresses acting at this point, let us imagine
three coordinate planes passing through this point and perpendicular to the axes of a
rectangular Cartesian coordinate system. Let t(1) denote a force-stress vector acting on
the surface element dA1 = dx2dx3 and l(1) a similar couple-stress vector. Vectors t(1) and
l(1), both called traction in this theory, and their components, i.e. force stresses σ1j and
couple stresses m1j are shown in fig. 3.
It is obvious from the fig. 3 that
t(1) = (σ11, σ12, σ13), l(1) = (m11,m12,m13) (10)
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Figure 3: Force and couple stresses. (reprint from [26])
and similarly vectors in other coordinate planes. When we consider an infinitesimal tetra-
hedron according to fig. 3, then
tdS = t(1)dS1 + t(2)dS2 + t(3)dS3 (11)
ldS = l(1)dS1 + l(2)dS2 + l(3)dS3. (12)
By introducing
dSi = dSni, ni = cos(n, xi), (13)
equations (11) and (12) can be then rewritten into the form
t = t(1)n1 + t(2)n2 + t(3)n3 (14)
l = l(1)n1 + l(2)n2 + l(3)n3. (15)
and these vector equations can be written in the stress components, i.e.
ti = σjinj , li = mjinj . (16)
3.3 Momentum and moment of momentum
Equations of momentum and moment of momentum are introduced in this chapter for
Cosserat continuum. This balance principles will be used in determination of constitutive
equations.
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Total Momentum
The mechanical momentum of a microelement ∆v(α) is the product of its mass with its
velocity, namely, ρ(α)v(α)∆v(α). The total momentum of a macroelement is the vector sum
of the micromomenta of its microelements, so we have
∆p =
∑
α
ρ(α)v(α)∆v(α) =
∑
α
ρ(α)(v + ξ˙
(α)
)∆v(α) = v
∑
α
ρ(α)∆v(α) (17)
and in the limit we can write
dp = ρvdv. (18)
The total momentum of the body is therefore given by
p =
∫
v
ρvdv. (19)
Principle of Balance of Momentum
The principle of balance of momentum has the general form
D
Dt
∫
v
ρvdv = F(t) (20)
where F(t) is the resultant force acting onto the body. If we don’t consider any volume
forces, then the principle of balance of momentum can be expressed by (with help of
relation (16))
d
dt
∫
v
ρvidv =
∫
∂s
σjinjds. (21)
Total Moment of Momentum
The mechanical moment of momentum of a microelement is defined as the moment of its
momentum, namely,
x(α) × ρ(α)v(α)∆v(α).
The total moment of momentum of a macroelement is calculated by
∆m =
∑
α
x(α) × ρ(α)v(α)∆v(α) =
∑
α
(x + ξ(α))× ρ(α)(v + ξ˙(α))∆v(α). (22)
After some mathematical manipulations and using relations (15.8) and (15.10) from [10],
the total moment of momentum of the macroelement is given by
∆m = x× v
∑
α
ρ(α)∆v(α) + ρθ∆v, (23)
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and the total moment of momentum of the body is
m =
∫
v
(x× ρv + ρθ)dv, (24)
where θi = (ijjδim − imi)ϕ˙m and i is the microinertia tensor.
Principle of balance of moment of momentum
The principle of balance of moment of momentum has the general form
D
Dt
∫
v
(x× ρv + ρθ)dv = M(t), (25)
where M(t) is the resultant moment act on the body. Considering that no volume forces
and volume couples acting on the body, the principle of moment of momentum (with help
of relations (16)) is given by
d
dt
∫
v
(ijkxjρvk + ρθi)dv =
∫
∂s
(ijkxjσlknl +mjinj)ds. (26)
3.4 Balance of mechanical energy
The balance equations of mechanical energy are introduced in this chapter. Derivation of
these equations can be found e.g. in [10].
According [18], the balance equation of mechanical energy can be written in the form
d
dt
K(t) + Pint(t) = Pext(t) (27)
where K(t) is the kinetic energy, Pint(t) is the stress power and Pext(t) is the external
mechanical power.
In order to derive the balance equation of mechanical energy, the kinetic energy, stress
power and external mechanical power have to be determined. Let’s start from the principle
of balance of momentum (21) and of moment of momentum (26), i.e. from the equations
d
dt
∫
v
ρvidv =
∫
∂s
σjinjds (28)
d
dt
∫
v
(ijkxjρvk + ρθi)dv =
∫
∂s
(ijkxjσlknl +mjinj)ds. (29)
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Using Gauss-Ostrogradsky theorem and after some manipulations, the local balance equa-
tions will be obtained in the form
∂σji
∂xj
− ρv˙i = 0 (30)
∂mji
∂xj
+ ijkσjk − ρθ˙i = 0. (31)
After introducing a spin vector as
ωi =
1
2
ijk
∂vk
∂xj
= −1
2
ijkωjk, ωjk = −ijkωi, ωjk = 1
2
(
∂vj
∂xk
− ∂vk
∂xj
)
, (32)
and multiplying the local balance equations (30) by velocity vector vi, and local balance
equations (31) by spin vector ωi, both equations will be integrated over the whole deformed
volume of the body to obtain ∫
v
ρv˙ividv =
∫
v
∂σji
∂xj
vidv (33)
∫
v
ρθ˙iωidv =
∫
v
(
∂mji
∂xj
ωi − ωjkσjk
)
dv. (34)
After some mathematical manipulations, using Gauss-Ostrogradsky theorem and with help
of eq. (27), the kinetic energy is
K(t) =
1
2
∫
v
ρ(vivi + θiωi)dv =
1
2
∫
v
ρ(vivi + jmiωmωi)dv, (35)
stress power is
Pint(t) =
∫
v
(
σji
∂vi
∂xj
+mji
∂ωi
∂xj
+ ωjkσjk
)
dv (36)
and external mechanical power is
Pext(t) =
∫
∂s
(σjivinj +mjiωinj)ds. (37)
Next, the stress power can be expressed
Pint(t) =
∫
V
W˙dV (38)
where W is a strain energy density function. It follows from eq. (36) and (38) using
Nanson’s formula
W˙ = J
(
σji
∂vi
∂xj
+mji
∂ωi
∂xj
+ ωjiσji
)
, (39)
where J is determinant of the deformation gradient.
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4 Hyperelastic constitutive model with bending stiffness of
fibres
The theory of finite deformations of elastic materials reinforced by fibres was founded by
Adkins and Rivlin [1]. Their theory described an isotropic elastic material with no extensi-
bility in the direction of fibres and they assumed that the reinforcing fibres lay in discrete
surfaces. Green and Adkins described the development of this theory in [15].
A different approach was established by Spencer [30]. In his theory the fibre direction is
characterized by a unit vector in the reference configuration. The fibre vector formulation
has been applied to many kinds of material behaviour. Particular applications of the the-
ory of finite elastic deformations are in Spencer [30], [31] and Rivlin [28]. Presently, this
theory based on [30] is used in various kinds of applications of composite materials, either
in industry (e.g. [17]) or in composite biomaterials (e.g. [20]).
All of the above mentioned theories are based on assumption of infinitesimaly thin fibres.
This fibre is then perfectly flexible, i.e. fibre shows zero bending stiffness.
In order to incorporate bending stiffness into the previous theory (in [30], [31]), Spencer
considered in [32] that the strain energy density function depends not only on the defor-
mation gradient FiJ and on the unit vector of undeformed fibre AJ , but also on the space
derivatives of the deformed fibre vector GiJ . However, this new theory requires including
of both force and couple stresses, i.e. Cosserat theory of continuum has to be used.
4.1 General constitutive model
Spencer and Soldatos in [32] introduce the constitutive assumption that W depends, in
addition to the displacement gradients FiR and unit vector A, on the gradients of the
deformed fibre vectors. Therefore they postulated that
W = W (FiR, GiR, AR) (40)
where
FiR =
∂xi
∂XR
, GiR =
∂bi
∂XR
=
∂(FiJAJ)
∂XR
, bi = FiRAR. (41)
On the basis of this assumption they derivated constitutive equations for the symmetric
part of force stress σ(ij) and deviatoric part of couple stress mji (only these parts make
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contribution to the energy balance equation (39))
σ(ij) =
ρ
ρ0
[
FiRFjS
(
∂W
∂CRS
+
∂W
∂CSR
)
+ (GiRFjS +GjRFiS)
∂W
∂ΛSR
]
, (42)
mji =
2
3
ikm
ρ
ρ0
∂W
∂ΛPR
FmP (FjRbk + FkRbj). (43)
The strain energyW is an isotropic invariant of tensors C = FTF,Λ = FTG and vectorA.
Canonical forms for these invariants are known and can be read from tables (for example,
[36] Table1). This list contains 33 independent invariants which, in a general case, leads
to excessively complicated constitutive equations. Hence, the following chapter introduces
further simplifying assumptions.
4.2 Dependence on fibre curvature
In [32] Spencer and Soldatos assumed that, rather than general dependence on the gra-
dients of b, the strain-energy depends on the gradients of b only through the directional
derivative of the fibre vector in the fibre direction; that is, essentially, on the curvature of
the fibres. In doing this, we exclude effects due to fibre "splay" and fibre "twist", both of
which feature in liquid crystal theory, but it is plausible that in fibre composite solids the
major factor is fibre curvature.
Accordingly we make the initial assumption that the strain-energy depends on the deforma-
tion gradients ∂xi/∂XR, on the directional derivatives AR∂bi/∂XR, and on the initial fibre
direction vector A. Invariance under a superposed rigid rotation x→ Qx of the deformed
body requires that W can be expressed as a function of the scalar products, formed by
contracting on the index i, of the vectors ∂xi/∂XR = FiR, and AR∂bi/∂XR = GiRAR = κi.
These scalar products are
CRS = FiRFiS , KR = κiFiR = AS
∂xi
∂XR
∂bi
∂XS
= ΛRSAS ,
κ2 = κiκi = ARAS
∂bi
∂XR
∂bi
∂XS
= ARASΓRS . (44)
Then invariance under rotations of the undeformed body requires thatW is an isotropic in-
variant of tensor C (components CRS ), vectorsK (components KR ) andA, and scalar κ2.
It follows from tables of invariants that W can be expressed as a function of 11 invariants.
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5 Compressible anisotropic hyperelastic Cosserat continuum
5.1 Strain energy density function
A new form of the strain energy density function of a nearly incompressible hyperelastic
matrix is proposed in this chapter. The new form of the strain energy density function is
then used to determine the force (42) and couple (43) stress constitutive equations defined
in the previous section.
The simplified theory introduced in chapter 4.2 contains 11 independent invariants, where
the first three invariants (I1, I2, I3) correspond to the hyperelastic matrix and the rest
(I4, I5, I6, I7, I8, I9, I10, I11) to fibres. Invariants I4, I5 are able to describe only an extension
or compression of the fibre and the rest of the fibre invariants (I6, I7, I8, I9, I10, I11) expand
the description of the fibre behaviour by e.g. curvature of the fibre. Since linear elastic steel
fibres are considered in this work, all invariants with square or higher power of deformation
tensors, or invariants with mutual product of deformation tensors were neglected and only
I4 and I9 were considered as fibre invariants describing extension or compression and
bending of the fibre. Hence, the proposed form of the invariant based strain energy density
function is
W = k1(I1 − 3) + k2(I4 − 1)2 + k6I29 +
1
d
(J − 1)2 (45)
where I1, I4, I9 are modified invariants defined in the following section, k1, k2, k6 are ma-
terial parameters, d is parameter of compressibility and J is defined as
J = det(F). (46)
5.2 Modified invariants
Multiplicative decomposition of the deformation gradient F into volume-changing (dila-
tional) and volume-preserving (distortional) parts is defined
F = J1/3F, C = J2/3C. (47)
The terms J1/3I and J2/3I are associated with volume-changing deformations, while F and
C = FTF are associated with volume-preserving deformations of the material. Tensors F
and C are called modified deformation gradient and modified right Cauchy-Green tensor
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of deformation, respectively.
Let’s introduce modified tensor G. Tensor G is defined by equation (41), and with help of
equation (47) we can write for the modified tensor
GiJ =
∂bi
∂XJ
=
∂(F iRAR)
∂XJ
= AR
∂(J−1/3FiR)
∂XJ
. (48)
After some manipulations
GiJ = GiJJ
−1/3 − 1
3
ARJ
−1/3FiR
∂2uk
∂XJ∂XL
∂XL
∂xk
. (49)
Let’s introduce modified tensor Λ by the following formula
ΛRS = F iRGiS . (50)
Substituting from equations (47), (49) and after some manipulations we get the modified
tensor in the form
ΛRS = ΛRSJ
−2/3 − 1
3
ALJ
−2/3FiRFiL
∂2uk
∂XS∂XO
∂XO
∂xk
. (51)
Now, based on the previous modified tensors, modified invariants can be introduced
I1 = CAA = J
−2/3CAA (52)
I4 = ABCCBAC = J
−2/3ABCCBAC (53)
I9 = ABΛCBAC = J
−2/3(ABΛCBAC − 1
3
I4GkOF
−1
Ok ), (54)
where invariant I4 = ABCCBAC .
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6 Finite element implementation of Cosserat continuum
6.1 Principle of virtual work
The principle of virtual work is the starting point for finite element analysis. In order to
obtain principle of virtual work, let’s multiply local equilibrium equation (30) by virtual
velocity field δui, equation (31) by virtual spin field δωi (let’s consider quasistatic me-
chanic) and integrate their sum over volume v. After some mathematical manipulations
and considering that force stress can be devided into its symmetric σ(ij) and antisymetric
σ[ji] parts and the couple stress into its volumetric and deviatoric mji parts, the principle
of virtual work yields the form∫
v
(
σ(ij)
∂δvi
∂xj
+mji
∂δωi
∂xj
)
dv =
∫
s
(tiδvi + liδωi)ds. (55)
Next, we will consider that the right side of equation (55) is integrated only over the
boundary where displacements or rotations are prescribed. In other words, traction vector
will not be prescribed on the body surface (no external forces or couples). Hence, and
because of δvi = δωi = 0 on su+ω, it holds∫
su+ω
(tiδvi + liδωi)ds = 0. (56)
Let’s introduce symmetric Kirchhoff force stress τ(ij) and deviatoric Kirchhoff couple stress
µji. Now, the principle of virtual work (55) can be rewritten into the final form∫
V
(
τ(ij)
∂δvi
∂xj
+ µji
∂δωi
∂xj
)
dV = 0. (57)
6.2 Hermite C1 elements
6.2.1 Construction of shape functions
Consider a third order polynom in the form
f(ξ) = a+ bξ + cξ2 + dξ3, (58)
and its derivative
∂f(ξ)
∂ξ
= b+ 2cξ + 3dξ2. (59)
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Next, consider a one-dimensional element with two nodes. We need to construct four
different shape functions which are satisfying the following requirements:
• the value of the first shape function ϕ1 equals to one at the first node and is zero at
the other node. The first derivative of the first shape function ϕ1 equals to zero at
both nodes,
• the value of the second ϕ2 shape function equals to one at the second node and is
zero at the other node. The first derivative of the second shape function ϕ2 equals
to zero at both nodes,
• the value of the third Φ1 shape function equals to zero at both nodes. The first
derivative of the third shape function Φ1 equals to one at the first node and is zero
at the other node,
• the value of the fourth Φ2 shape function equals to zero at both nodes. The first
derivative of the fourth shape function Φ2 equals to one at the second node and is
zero at the other node.
The above shape functions are
ϕ1 =
1
4
(1− ξ)2(2 + ξ) ϕ2 = 1
4
(1 + ξ)2(2− ξ), (60)
Φ1 =
1
4
(1− ξ)2(1 + ξ) Φ2 = 1
4
(1 + ξ)2(ξ − 1). (61)
The approximation of the displacement field is then
ui = N
auai +O
aαai + P
aβai +Q
aγai , (62)
where a corresponds to the node number (a=1..8), uai , α
a
i , β
a
i , γ
a
i are the unknown dis-
placements and slopes in the i-th node, respectively, and Na, Oa, P a, Qa are shape func-
tions made from eq. (60),(61) and corresponding to the node a in the 3D element. An
approximation of the undeformed coordinates was considered as follows
Xi = M
aXai , (63)
where Ma are the shape functions.
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6.2.2 Finite element discretization
The principle of virtual work (57) can be rewritten into a more suitable form∫
V
[
τ(ij)
∂δvi
∂XM
F−1Mj +
1
2
µjiiklF
−1
Mj
(
F−1Nk
∂2δvl
∂XM∂XN
− ∂δvl
∂XN
∂FoP
∂XM
F−1NoF
−1
Pk
)]
dV = 0. (64)
Let’s recall the approximation of displacements field (62), and similarly to this formula
let’s introduce an approximation of the velocity field in the form
δvi = N
aδvai +O
aδαai + P
aδβai +Q
aδγai . (65)
Equation (65) can be substituted now into the principle of virtual work (64) and since
δvi, δαi, δβi, δγi are independent and arbitrary, the left side of eq. (64) equals to zero if∫
V
[
τ(ij)F
−1
Mj
∂Na
∂XM
+
1
2
µjllkiF
−1
Mj
(
F−1Nk
∂2Na
∂XM∂XN
− F−1NoF−1Pk
∂FoP
∂XM
∂Na
∂XN
)]
dV = 0 (66)
∫
V
[
τ(ij)F
−1
Mj
∂Oa
∂XM
+
1
2
µjllkiF
−1
Mj
(
F−1Nk
∂2Oa
∂XM∂XN
− F−1NoF−1Pk
∂FoP
∂XM
∂Oa
∂XN
)]
dV = 0 (67)
∫
V
[
τ(ij)F
−1
Mj
∂P a
∂XM
+
1
2
µjllkiF
−1
Mj
(
F−1Nk
∂2P a
∂XM∂XN
− F−1NoF−1Pk
∂FoP
∂XM
∂P a
∂XN
)]
dV = 0 (68)
∫
V
[
τ(ij)F
−1
Mj
∂Qa
∂XM
+
1
2
µjllkiF
−1
Mj
(
F−1Nk
∂2Qa
∂XM∂XN
− F−1NoF−1Pk
∂FoP
∂XM
∂Qa
∂XN
)]
dV = 0. (69)
The system of four nonlinear equations (66), (67), (68) and (69) was obtained when dis-
cretization was applied and this system will be solved by Newton-Raphson iterative pro-
cedure in the following section.
6.2.3 Newton-Raphson iterative procedure
The above nonlinear equations were solved using Newton-Raphson method. Directional
derivatives of eqs. (66), (67), (68) and (69) in directions [u], [α], [β] and [γ] were calculated
and the following system of four linear equations were obtained
Kuuaibk.∆u
b
k +K
uα
aibk.∆α
b
k +K
uβ
aibk.∆β
b
k +K
uγ
aibk.∆γ
b
k = R
a
i (70)
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Kαuaibk.∆u
b
k +K
αα
aibk.∆α
b
k +K
αβ
aibk.∆β
b
k +K
αγ
aibk.∆γ
b
k = S
a
i (71)
Kβuaibk.∆u
b
k +K
βα
aibk.∆α
b
k +K
ββ
aibk.∆β
b
k +K
βγ
aibk.∆γ
b
k = T
a
i (72)
Kγuaibk.∆u
b
k +K
γα
aibk.∆α
b
k +K
γβ
aibk.∆β
b
k +K
γγ
aibk.∆γ
b
k = U
a
i , (73)
where residua Rai , S
a
i , T
a
i and U
a
i are given by the left hand side of equations (66), (67),
(68) and (69), respectively.
6.3 Results of simulations using Hermite C1 elements
The finite element implementation introduced in chapter 6.2 was applied to write a new
finite element solver in MATLAB software as a so called "m" file. The MATLAB m-file
reads the input text file, runs the solver and generates an output text file with results.
In order to verify the theory presented in this thesis with the new constitutive equations
comprehending the bending stiffness on the basis of Cosserat continuum, a simple three-
point bending test was simulated using the new finite element solver created specifically
for this purpose (m-file). A very simple unimaterial finite element model was created with
two planes of symetry and a very rough mesh - fig. 4 (this model is called unimaterial
Cosserat model hereafter). The model contained 8 finite elements in total with each
element having 8 nodes and 27 integration points. The applied boundary conditions are
presented in fig. 5.
Figure 4: Meshed simplified model.
The strain energy density function presented in (45) was used in the simulations with
the following material parameters: k1 = 1 MPa, k2 = 1400 MPa, d = 0.0001, while
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Figure 5: Prescribed boundary conditions.
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different values of k6 were considered. Remember that parameters k1, d correspond to the
hyperelastic matrix and parameters k2, k6 correspond to the fibres, where k2 represents
their tension (compression) stiffness and k6 their bending stiffness. Hence, the values of
k6 = 0, k6 = 100 and k6 = 1000 were considered in order to see if the new model is able to
consider different bending stiffnesses of the fibres.
The three-point bending test was also simulated in Ansys software using unimaterial finite
element model based on "classical" Cauchy contiuum (this model is called unimaterial
Cauchy model) with the aim to compare the results with the unimaterial Cosserat model.
The unimaterial Cauchy model contained 8 elements in total and either 8 or 20 nodes and
either 8 or 27 integration points per each element. The used strain energy density function
had the following form
W = k1(I1 − 3) + k2(I4 − 1)2 + 1
d
(J − 1)2. (74)
If we compare the strain energy density function (74) used in the unimaterial Cauchy model
with eq. (45) used in the unimaterial Cosserat model, we can see that both models use
almost the same strain energy density function except for the term containing parametr
k6. As it was mentioned in previous chapters, the unimaterial Cauchy model is not able
to include the bending stiffness of fibres, therefore this model does not contain material
parameter k6 that corresponds to bending of fibres and Cosserat theory.
Results of simulations using both Cosserat and Cauchy unimaterial models are depicted in
fig. 6. In this figure the abbreviation "Cauchy" means that Cauchy unimaterial model was
used and the numbers 185 or 186 mean hexahedron elements (according to Ansys software)
with 8 or 20 nodes respectively. The abbreviation "FULL" or "Reduced" means that
either full integration with 27 integration points or reduced integration with 8 integration
points was used. Next, "Cosserat" means that results were obtained using the unimaterial
Cosserat model with different values of material parameter k6. When we compare first the
results obtained by Cauchy model , we can see that the 20 nodes element with the higher
number of integration points (186 FULL - 27 int. points ) gives response results than the
same element with the lower number of integration points (186 Reduced - 8 int. points) and
the 8 nodes element with 8 int. points (Cauchy 185) gives the stiffest response among the
Cauchy models. So we can draw conclusion - an increasing number of integration points
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Figure 6: Simulations - bending test.
makes the resulting behaviour stiffer and the 8 nodes element gives stiffer results than the
20 nodes one.
Let’s pay attention to the Cosserat models now. As we know, the unimaterial Cosserat
model uses 8 nodes elements with 27 integration points. The strain energy density function
(45) used in Cosserat model is reduced into the strain energy density function (74) of the
Cauchy model when using k6 = 0. Hence, both models (Cosserat k6 = 0 and Cauchy 185)
should give the same results. However, we can see from fig. 6 that Cosserat model with
k6 = 0 gives results a little bit stiffer than Cauchy 185 model. This can be explained
on the basis of the number of integration points, as mentioned above - a higher number
of integration points gives stiffer resulting behaviour (Cosserat k6 = 0 has 27 int. points
while Cauchy 185 has 8 int. points only).
Finally, we can see from the same figure that the increasing parameter k6 increases stiffness
of the resulting curves, i.e. in contrast to the Cauchy models, the unimaterial Cosserat
model is able to take the bending stiffness of the fibres into account .
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7 Conclusion
This thesis deals with computational simulations of composite material made of elastomer
matrix and steel fibres. Two different approaches were considered in the simulations – bima-
terial and unimaterial computational models. The bimaterial model reflects the structure
of the composite material in detail, i.e. it works with matrix and each individual fibre.
On the other side, fibres are not created in the unimaterial model and their reinforcement
effect is included in the strain energy density function. Since fibres are not modelled, the
unimaterial computational model has a significantly lower number of elements, and conse-
quently the computational time decreases significantly.
Computational simulations of uniaxial tension and bending tests of composite material were
performed using both (bi- and unimaterial) computational models. The results showed that
both models give the same results in simulations of uniaxial tension tests, but they dis-
agree significantly in simulations of bending tests. It was found out that the disagreement
is caused by the assumption of infinitesimaly thin fibres in the unimaterial model causing
a zero bending stiffness of the fibres. Hence, the unimaterial computational model is not
able to take the bending stiffness of fibres into account and consequently it can work with
tension (or compression) load only.
Real experiments (tension and bending tests) of composite material were carried out with
the aim to compare the results of simulations with experimental results. However, the
experiments have shown that mechanical properties of the elastomeric matrix are highly
dependent on the pre-cycling of specimens (so called Mullins effect). The specimen that
was pre-cycled to a certain value of elongation (or strain) showed different mechanical
properties from another specimen pre-cycled to another elongation value. Since there is a
nonhomogeneous strain state in the composite specimen (due to fibres), each part of the
specimen is loaded by another value of elongation (strain) and due to mentioned Mullins
effect the stress-strain curve is changed. To compare such experiments with simulations it
would be necessary to use such material models in simulations that are able to account for
pre-cycling of the elastomeric matrix and can work with different amplitude of elongation
(or strain).
In order to verify the hypothesis that in case of tension tests the disagreement between
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experiments and simulations was caused by Mullins effect, new experiments with another
elastomer matrix were carried out. A new elastomer matrix was chosen showing a very low
Mullins effect. Then experiments and simulations of uniaxial tension tests were in mutual
agreement for both (bi- and unimaterial) computational models.
The next goal was to extend the unimaterial model by bending stiffness of the fibres. In
2007 Spencer and Soldatos published new constitutive equations based on Cosserat contin-
uum that are able to work with bending stiffness of the fibres under large strain conditions.
Cosserat continuum is more general than Cauchy continuum, it considers both displace-
ments and rotations as independent variables and works with force and couple stresses.
However, the equations introduced by Spencer and Soldatos are very complicated and very
difficult for practical application. Hence, a system of simplified constitutive equations was
formulated in the thesis on the basis of the equations introduced by Spencer and Soldatos.
After determination of the simplified constitutive equations (valid under restrictions for
bending load of the fibres being parallel and straight in the undeformed state), a new form
of strain energy density function was introduced. This form can be decoupled into three
main parts – the first part corresponds to the hyperelastic elastomer matrix, the second
one to tension (or compression) of the fibres and the third part relates to bending of the
fibres.
In order to verify whether the new unimaterial model with bending stiffness is able to
work with bending stiffness of fibres correctly, a new finite element (FE) solver had to be
written. It was not possible to use any commercial or available FE solver, since the new
solver was based on Cosserat continuum and included a new strain energy density function
with new constitutive equations comprehending additional variables. Hence, after deter-
mination of finite element formulation, the new FE solver was written in Matlab software.
Since the Cosserat theory leads to the second derivatives of displacements, it was necessary
to use also the so called C1 elements in order to ensure the convergence of the solution.
In C1 elements both displacements field and derivatives of displacements are continuous
over the elements and at their boundaries. Hence, a new 8 nodes C1 element with Hermite
polynoms as shape functions was proposed in the thesis.
A simplified three-point bending test was simulated using the new FE solver in order to
verify that the new unimaterial model based on Cosserat continuum is able to comprehend
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the bending stiffness of fibres. It was shown that the bending stiffness of fibres can be
driven by changing the appropriate material parameter and the new solver gives results
comparable with standard hyperelastic models for a negligible influence of the bending
stiffness of fibres. In this way, the capability of the new model was verified.
This work showed that standard unimaterial models available in commercial software are
able to provide the same results as the bimaterial ones and being in agreement with real
experiments in the case of tension (or compression) tests only. Next, it was shown that,
the standard unimaterial models are not able to include any stiffness of the fibres when
they are bended. Therefore, the extension of the unimaterial model was introduced in
this work, and this extension allows us to incorporate the bending stiffness of fibres into
the unimaterial model. Then the proposed unimaterial model can be used correctly under
both tension (compression) and bending loads.
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A Appendix
A.1 Results of simulations and experiments
The results of simulations and experiments of tension and bending tests are presented in
this appendix
Uniaxial tension tests
Figure 7: Tension test - fibres 0◦.
Figure 8: Tension test - fibres 15◦.
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Figure 9: Tension test - fibres 45◦.
Figure 10: Tension test - fibres 60◦.
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Figure 11: Tension test - fibres 90◦.
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Bending tests
Figure 12: Bending test - fibres 0◦.
Figure 13: Bending test - fibres 15◦.
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Figure 14: Bending test - fibres 45◦.
Figure 15: Bending test - fibres 60◦.
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Figure 16: Bending test - fibres 90◦.
Figure 17: Bending test - fibres 90◦. Influence of cycling.
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